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The paper concerns oscillatory behavior of even order delay equation 
Ycznv) + 4) Cr(t - T(t))>’ = 0, (1) 
where n is a positive integer, q(t) is continuous and eventually positive on 
some half line [a, 001. The constant y is the ratio of odd integers satisfying 
0 < y < 1 or 1 < y. The delay term I is assumed, for convenience to be 
positive and continuous function [a, co] which, for some constant M, satisfies 
0 < 7(t) < M, - M < t - T(t). 
The existence and uniqueness properties of solution to Eq. (1) for n = I 
can be found in [6, Chap. l] and some other oscillation properties in [l]. 
For n = 1, T(t) = 0, Eq. (1) reduces to the ordinary differential equation 
y”(t) + Q(f) [YW = 0, (2) 
which has been studied by different authors [2-51. 
In the beginning, we shall consider some related results and then apply 
these results to deduce the oscillation properties of a slightly more general 
delay equation in which the lag term T(t - T) is such that 7 = T(t) a function 
of t. In the process we shall generalize some results already known [l] for the 
oscillation properties of Sturm-Liouville’s equation. 
We will consider the equation useful in diffusion phenomena 
Tczn)(t) + p(t) T(t) + q(t) T(t - T) = 0, n=1,2,3 ,..., ~<t<c.o, 
(3) 
and prove the following theorem. 
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THEOREM 0. Let p(t) > 0, q(t) > 0 and be continuous for all t 3 0. 
Further let p(t) and q(t) 6 ecome strictly positme eventually and 
sq(s) ds = CC’, 
then every bounded solution of the above equation is oscillatory in (T, co). 
Proof. Suppose any bounded solution T(t) is nonoscillatory. Now we can 
assume without any loss of generality that T(t) > 0 for some t = t, onward. 
From Eq. (3) it follows that for t > t, , Tc2n)(t) < 0. Since T(t) > 0, it 
follows that T(2n-1)(t) > 0. In fact if T”+l)(t) < 0 for all t > t,, , then T(t) 
will be eventually negative. Hence the following conclusion holds 
(- I)m T(2n-m)(t) < 0, 
For t > t, , we have from (3) 
m = 0, 1, 2 ,..., 2n - 1. (4) 
T@“(t) 
T(t - T) 
+ p(t) T(t) , 
T(t _ T) T !@) = ” (5) 
Multiplying in (5) by t and integrating between t, and t, we have 
i 
t 
t,, T(s “_ 4 
T’““‘(S) ds + jIO $i* ds f It sq(s) ds = 0. (6) 
to 
Integrating the first integral by parts, (6) can be rewritten as 
tTc2+l’(t) _ tOT(Pn-l)(tO) _ 1 
T(t - T) Wo - 4 
sT’(s - T, ) T’2n-l’(s) ds 
T(s - T) - [T(s - T)]” 
+ jt $$)zds + St sq(s) ds = 0. 
to to 
(7) 
Since as t + co, & sq( s - co and all quantities on the left side of (7) except ) 
for&the third term of (7) are finite or positive, it follows that 
lim - 
t-tm ( s 
?+ds) = _ ~0 
s 
t T’2n-1’(s) ds ---f + oo, 
t, W - 4 
t+ co. 
Now T’(t) > 0 and T (2+1)(t) > 0 from (4), therefore 
s 
t T’2”-1’(s) ds ~ 1 *t 
to W - 7) J Wo - 4 t, 
7”2n-“(s) ds 
= T(tol- T) [T(2n-2)(t) - T(2”-2)(t,)]. (9) 
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But from (4), it follows that T (2n-2)(t) is nonpositive and increasing for n > 1 
and hence bounded. In fact (4) states that all the derivatives up to (2n - I)-th 
are bounded. For R = 1, T(*+*)(t) = T(t) which is bounded. 
Hence as t -+ 00, the right side of (9) is bounded. But this leads to a contra- 
diction to conclusion (8), proving the theorem. 
COROLLARY. Let n > 1 and the condition 
f 
t 
lim 
i!+m sq(s) = cc) 
hold. Then all solutions of Eq. (3) above are oscillatory. 
The proof follows from above. 
First we shall prove sufficiency criterias for oscillation of the solutions of 
(1) for both the cases 0 < y < 1 and y > 1. Then we shall prove a necessity 
condition for the case y > 1. 
DEFINITION. We call the Eq. (1) oscillatory if all its solutions are oscil- 
latory. Again a solution of (1) is said to be oscillatory if it does not have a last 
zero in some half-line [a, cc], and is called nonoscillatory if it is of constant 
sign eventually. 
THEOREM 1. Let y > 1. Equation (1) is oscillatory, if 
s 
m 
sq(s) ds = a. (10) 
THEOREM 2. Let 0 < y ( 1. Equation (1) is oscillatory, ;f 
s 
co 
syq(s) ds = 00. (11) 
Proof of Theorem 1. In order to show that condition (10) is sufficient, we 
assume that some solution y(t) is nonoscillatory; without any loss we can 
assume that y(t) > 0 eventually. Thus, there exists a t, > a such that 
y(t) > 0 for all t > tl . Let t, >, tl + M. Then for t 3 t, , y(t - T(t)) > 0, 
and 
y@%‘(t) = - q(t)yY(t - (t)) < 0. (12) 
As before this leads to the conclusion (4), namely, 
(- l)m y(zn-m)(t) < 0 for m = 0, I,2 ,..., 2n - 1. 
Now multiplying Eq. (1) by s(y(s - T(S)))+’ and integrating we obtain 
sl g~‘~~‘(s)y-~(s - T(S)) ds + s:, sq(s) ds = 0. (13) 
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Since y’(t) > 0, y(t) is increasing, 
r(t - M) d r(t - +>). 
Since y’2n)(s) < 0, substituting in (13) we obtain, 
s t syf2”‘(s) y-Y(S - M) ds + f:, q(s) ds < 0. (14) to 
Now integrating the first integral by parts, we have 
[$y-ys - &f)p-l) (s)]Q + y yoy-(v+l)(s  M)yc2n-1’(s) y’(s - M) 05 
- s t Y (2n-1)(~) y-“(s - M) ds + j10 q(s) ds ,< 0. (15) to 
Now in (4) it follows that all derivatives up to (2n - 1) are monotonic and 
bounded, therefore in (15), the first two expressions are either positive or 
bounded for large t. Now in (15), 
t t 
- 
s Y 
(2n-1)(s) y--y(s - M) ds 2 - 
s Y 
f2-(s - M) y-“(s - M) ds 
to to 
because yt2+l)( ) s is d ecreasing and positive. Therefore, we have 
- 
s 
t 
Y (2n-1)(s - M) y-y(s - M) ds 
to 
= [ - y-ys - M) y(--)(s - M)& (16) 
+ c-r> f;oY(s - M) y’(s - M) y(2n-2)(s - M) ds. 
Here - y-‘(t - M)yczn-s)(t - M) > 0 for n > 1 and in that case since 
y > 1, and y’(t - M) > 0, it follows - y-‘(t - M) ~(~+~)(t - M) is bounded 
as t + co. Exactly the same is true about the integral expression on the right 
in (16). 
Hence, we conclude that all expressions on the left of (15) except for 
JiO sa(s) ds are either positive or bounded. Since lim,,, JiO SQ(S) = CO, this is 
the required contradiction; thus proving the theorem. 
Proof of Theorem 2. The proof makes use of the following lemma due 
to (4). 
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LEMMA. Let f(t) be positive real-valued function defined on [t,, , co) and 
satisfyingf’(t) > 0 and f”(t) < 0 f or all t in (to , CO). Then there is a number 
L > 0 and a number t, > t, such that 
f(t)/f’(t) 3 Lt for aZZ t > t, . (17) 
Following the same argument, suppose the condition (11) of the theorem is 
satisfied and y(t) is any nonoscillatory solution. Then for some t, , y(t) > 0 
for t > t, . Again for large t, we have condition (4) on derivatives, i.e., 
(- l)mJ+n-m) < 0, m = 0, 1, 2 ,..., 2n - 1. 
Multiplying Eq. (1) by [y’(t - T(t))]-‘, we have 
Ycz”‘(t) [Y’Q - +)I-’ + 4(t) [At - dW’(t - WI’ = 0. (18) 
Since the conditions of the lemma are satisfied, we obtain from (18) that for 
large t 
yczn)(t) [y’(t - T(t))]-’ + 4(t)LY[t - T(t)p < 0. 
As Y’(t) is positive and decreasing, T(t) > 0; hence, 
r’(t - T(O) > y’(t), b”(t - dt))l-’ < b”@))-‘a 
Substituting in (19) and remembering that yczn)(t) < 0, we have 
yczn)(t) (y’(t))-’ + q(t) *Lv ’ (t - T(t))’ < 0. 
Integrating (21) between t,, and t, we have 
(1% 
(20) 
(21) 
j;oyc2n’(s) (y’(s))+ ds + 15” ,:. (s - T(S))y q(s) ds < 0 
or, 
(y’(t))-‘y’“““‘(t) - (y’(t,,))-vy(2n-1)(t0) + y s:, (y’(~))-(“+~)y”(s)y~~~-~)(S) ds 
+ Ly I’ q(s) (S - T(S))y dS < 0. 
4 
Hence, 
(y’(t))-‘y’““-“(t) - (y’(to))-vy(2n-1)(t,,) + --& /IO (y’(s))-‘y”(s)y’““-l’(s) ds 
+ L” St q(S) (S - T(S))y ds < 0. (22) 
to 
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This follows from the fact that y”(s) < 0 and I/y’(t) is increcsing. Now 
integrating the second term in (22) we have 
(y’(t))-vy(-yt) - (y’(t,))-yy(-yt,) 
+LvjI q(s)(s-(s))yds,(O. 
to 
Since (- l)nlyc2n-P)z)(t) < 0, m = 0, 1, 2 ,..., (272 - l), and 0 < y < 1, all 
terms on the left side of (23) are either nonnegative or finite except 
But 
pls” + q(s) (s - T(S))” ds = co to 
because (11) holds and r(s) is bounded. This is the required contradiction, 
proving the theorem. 
For necessity condition we assume y > 1 and prove the following. 
THEOREM 3. Let y > 1. If Eq. (1) is oscillatory, then 
I 
m 
s2”-lq(s) ds = co. 
Proof. Suppose on the contrary that s” s2*-lq(s) ds < co. We will show 
that if this is the case then a nonoscillatory solution of Eq. (3) with prescribed 
values at co can be constructed. Let 
Y(W) = 1, y’(m) = 0 = y’(m) = ... =y’2+l’(a3). (24) 
Consider the integral equation, 
y@) = l - j, (2n - l)! m (s - Q2”-l q(s) [y(s - T(S)]’ ds. 
If the integral equation (25) has a solution y(t) which is continuous and 
uniformly bounded as t + co, then y(t) will satisfy (24). Further y(t) will 
also be a solution of Eq. (1) for y > 1. This solution is obviously non- 
oscillatory. Thus all that remains to show is the existence of such a solution. 
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This is accomplished by the process of Picard approximation by a technique 
of [3]. 
We define a sequence of functions as 
YoP) = 0 (26) 
Yn+&) =1 - 1; (fm4)l;f 4(s) [YTz(S - T(W ds* (27) 
If we take t so large that 
then 
s 
72 
s~“-~~(s) ds < 1, 
t 
f 
thus it is clear from above that 
Therefore, 
0 <y,(t) < 1, for all n. 
I Yn+&) - Yn+dt>l 
< IJ ‘; ‘;2;f)z;;1 q(s) [Y’(s - 44) - YY,+& - Ml1 ds / 
G y>’ 1 %a”(~ - T(S)) - y;+ds - +))I ( 1”: :;;“‘;,-: q(s) ds j . 
(28) 
(29) 
(30) 
This maximum exists in view of (29) and y > 1. Therefore, 
I Yn+&) - Y?l+1Wl + 0 
as it + co uniformly in t because of (28), proving the theorem by existence 
of YW 
COROLLARY. A necessary and sufficient condition for the equation 
Y”(t) + !dt)Y'(t - T(t)) = 0, Y>l 
to be oscillatory is Jm sq(s) ds = CO. 
Proof. From Theorem 1, s” sq(s) a!.~ = CO is sufficient. 
From Theorem 3 s” sq(s) ds = 00 is necessary as (2n - 1) = 1 here. 
Remark. The above corollary which comes as a consequence of our 
theorem was proved by Golliwitzer [l]. 
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